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Carl Gustav J. Jacobi, Vorlesungen u¨ber analytische Mechanik, Berlin 1847/48. Nach
einer Mitschrift von Wilhelm Scheibner. Lecture Notes transcribed by Wilhelm
Scheibner. Edited by Helmut Pulte. Dokumente zur Geschichte der Mathematik, Band
8, published on behalf of the Deutsche Mathematiker-Vereinigung. Braunschweig
(Vieweg-Verlag). 1996. ISBN 3-528-06692-X. lxviiC 353 pp. DM 98.
Reviewed by Ru¨diger Thiele
Karl-Sudhoff-Institut fu¨r Geschichte der Medizin und der Naturwissenschaften,
Universita¨t Leipzig, 04109 Leipzig, Germany
Rather surprisingly, Ernst Mach, in his history of mechanics, entitled Die Mechanik in
ihrer Entwicklung (7th ed., 1912), makes only passing reference to Carl Gustav Jacobi. The
reason for this might be the formal and abstract character of Jacobi’s analytical mechanics.
“For all the attraction that this field undoubtedly has to offer” [3, 207], as Felix Klein put
it in his Vorlesungen u¨ber die Mathematik im 19. Jahrhundert, he found himself unable
to recommend its study without reservation. To occupy oneself with mechanics in such
abstractness, he warned, is to neglect to develop a sense of the concrete case, and thus
to neglect the ability really to address any given problem in mechanics and to carry it
through to completion: “Trotz der unzweifelhaften Scho¨nheit des Gebietes mo¨chte ich
jedoch vor einem einseitigen Studium warnen. Wenn man sich nur mit Mechanik in dieser
Abstraktion bescha¨ftigt, bleibt der Sinn fu¨r den konkreten Fall unentwickelt und mit ihm die
Fa¨higkeit, ein vorliegendes mechanisches Problem wirklich anzusetzen und bis zur Lo¨sung
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durchzufu¨hren” [3, 207]. On the other hand, we read in Arthur Cayley’s Report on the
Recent Progress of the Theoretical Dynamics a contrary opinion: “The greater part of what
has been done with respect to the general theory of a system of differential equations [of
dynamics] is due to Jacobi” [1, 40].
However, the opening lines of Jacobi’s Vorlesungen u¨ber Dynamik give substance to the
idea (as expressed by Klein) that Jacobi’s extension of mechanics is essential only with
respect to the analytical side. Jacobi warned that while Lagrange’s Me´chanique analitique
[Analytical Mechanics] does indeed give a complete explanation of how to set up and
transform the relevant differential equations, it has little to offer with respect to the inte-
gration of these equations. These views of Jacobi’s work as a continuation of Lagrange’s
ideas are widely known. What, then, would justify further lectures by Jacobi on analytical
mechanics?
The series of lectures under review, dating from 1847–1848, was the last given by Jacobi
on the subject of mechanics. Jacobi’s Analytische Mechanik is much more detailed than the
former Dynamik. However, it is distinguished from the former series not only in extent, 49
as opposed to 36 lectures, but also, and this more especially, in content and even in impor-
tance; indeed, it reveals significant differences with regard to the contents. In 1847 he stated
his aim: “The lectures will deal with the advantages to be derived in the integration of dif-
ferential equations of motion from their particular form [Die Vorlesungen werden sich mit
den Vorteilen bescha¨ftigen, welche man bei der Integration der Differentialgleichungen der
Bewegung aus der besonderen Form der Gleichungen ziehen kann]” [2, 1]. And, indeed, the
differential equations of (frictionless) motion of a general dynamic system are presented, and
the principles and methods elucidated that arise out of the problem of solving these differen-
tial equations, together with Jacobi’s own principle of the last multiplier. The partial differ-
ential equation now known as the Hamilton–Jacobi equation is extensively treated. Jacobi
had already made the well-known and noteworthy remark “that any progress in the theory of
partial differential equations must lead to progress in mechanics too [dass jeder Fortschritt
in der Theorie der partiellen Differentialgleichungen auch einen Fortschritt in der Mechanik
herbeifu¨hren muss]” [5, 5]. It is this point that led Cayley to his re´sume´ mentioned above.
Jacobi started off in a vein similar to that of the former lectures, but now he kept in the
foreground fundamental questions of physics that were merely touched upon in the former
lectures on dynamics (in the second lecture). The first part of the Analytische Mechanik
is devoted to foundational problems, especially the principle of virtual velocities. There-
fore Carl Neumann was quite right when he (even in 1869!) stressed that, before Jacobi, the
fundamentals of mechanics had never been criticized so vigorously. Whereas in his Dynam-
ics Jacobi had merely remarked that Lagrange’s equations of motion were not proved but
“merely historically maintained [nur historisch behauptet]” [2, 15], now about one fourth of
the book took up such fundamental questions, in particular, the principle of virtual velocity
and how one can proceed from statics to dynamics (Sections A to C). Only then did Jacobi
deal with the solutions of equations of motion and the principles of dynamics (Section D).
Brachistochronic problems, that is, problems of the calculus of variations in which the law
of conservation of energy is valid, lead in Section D to the principle of least action. Jacobi
revealed himself here to be a historian, and the relevant passages on the history of the
principle can be taken to be his personal view as may have been set forth in the no longer
existing lecture delivered before the Berlin Akademie in the year 1847.
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The following sections, F and G, deal with the Lagrange and Hamilton form of dynamics
and the theory known today as Hamilton–Jacobi theory. Hamilton–Jacobi theory is presented
with the canonical differential equations and on equal terms as a theory of a certain partial
differential equation of the first order (Hamilton–Jacobi equation). This partial differential
equation was originally stated by Hamilton, but Jacobi was the first to recognize its full
significance (later to be given a place at the head of the direct method of the calculus
of variations by Carathe´odory). There are a number of general rules of integration where
Poisson brackets and the Jacobi identity are introduced. One important example is that
of the investigation of geodesic lines on an ellipsoid, first fully resolved by Jacobi. The
lectures also treat of elements of the calculus of variations as the significant Jacobi theory
of conjugate points (30th lecture). These sections are of special interest, as hitherto no notes
taken at the lectures on the calculus of variations have been published, despite efforts made
since the day of Weierstrass.
Section H on perturbation theory applied to astronomy brings the series to a close, ending
abruptly after seven lectures, presumably as a consequence of the March Revolution of 1848.
(Jacobi’s lectures on dynamics came prematurely to an end at the same juncture when Jacobi
fell ill in 1843.)
The following new viewpoints of the lectures of 1847–1848 strike me as of special
note: Jacobi did not by any stretch of the imagination continue Lagrangean mechanics
but criticized its basis unmistakably and thoroughly. Thus we read in the fifth lecture:
“Quite generally [speaking], [Lagrange’s] analytical mechanics is a chapter which, in certain
respects, one should beware of. It contains much that is divined rather than strictly proven
[ ¨Uberhaupt ist die analytische Mechanik ein Buch, vor welchem man in einiger Beziehung
warnen muss, es entha¨lt Vieles, was mehr divinatorisch ausgesprochen als streng bewiesen
ist]” [p. 29]. Without doubt, this profound criticism is one starting point for the prerelativistic
discussion of the validity of Newtonian mechanics as pointedly expressed by Carl Neumann,
for example, in his inaugural lecture at Leipzig in 1870, and bids fair to be the basis
of Riemann’s similar natural philosophical viewpoints, since he too had been present at
Jacobi’s lecture. But Mach chose to ignore this critique, in which one can make out the
beginnings of conventionalism even before Poincare´.
The text here published originates with Wilhelm Scheibner (1826–1908). From 1856
Scheibner was a professor at Leipzig University, where, together with Neumann, he was a
champion of the cause of mathematical physics. As a student Scheibner took notes during
the lectures, and he later changed little by way of correction or improvement. The notes
can thus be taken as a fairly exact re´sume´ of Jacobi’s lectures. This is also suggested by
occasional technical asides (as when, in the eleventh lecture, Jacobi requested the names of
the participants), and also by some political allusions to the prerevolutionary mood (in the
final lecture) and the laconic announcement in the ninth lecture of the suicide of MacCullagh,
a rival of Franz Neumann.
This closely edited edition is furnished with a thoroughgoing commentary. Pulte’s numer-
ous comments make accessible the various sources used by Jacobi, reaching from Aristotle
to Hamilton. They also supply valuable additions and corrections to Jacobi’s statements
as well as useful references to the secondary literature. The detailed comments and ref-
erences reveal the extensive fund of knowledge with which the editor set to work. For a
better understanding, the editor has added some figures and given captions to all figures
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(including Scheibner’s originals). To the same end, a further aid to the reader’s orientation
consists in the headings given to the individual lectures, characterizing their content. Again,
the editor has divided the lessons into chapters. The reader can also make use of detailed
indices with names and subjects. The ample bibliography covers the relevant primary and
secondary literature. Finally, some 50 pages of scientifico-historical introduction serve as
a foundation for the overall work. The introduction includes a survey of Jacobi’s life and
work as well as important information about the prehistory, content, and reception of the
Analytische Mechanik. Some interesting fascimiles enrich the edition. Taken all in all, the
book was carefully edited.
The book is essential reading for anyone concerned with the history and philosophy of
physics or mechanics. It is an important fragment of Jacobi’s proposed but uneffected reform
of analytical mechanics. For the history of mathematics, too, it is of considerable interest.
For instance, among many other things in Jacobi’s perturbation theory [Sto¨rungstheorie],
one can well imagine the roots of modern Kolmorogov-Arnold-Moser theory for dynamical
systems.
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Mathematik auf den Versammlungen der Gesellschaft Deutscher Naturforscher und
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Reviewed by Peter Schreiber
FB Mathematik/Informatik, Ernst-Moritz-Arndt Universita¨t, Friedrich-Ludwig-Jahn
Straße 15a, D-17487 Greifswald, Germany
The Gesellschaft Deutscher Naturforscher und ¨Arzte (denoted GDN ¨A in what follows)
was founded in 1822. Its annual meetings provided the only arena for presenting mathemati-
cal matters in Germany at a national level until the founding of the Deutsche Mathematiker-
Vereinigung (DMV) in 1890. The present book discusses, in four chapters (148 pages),
the extent of German mathematics and their style within this framework. An extended
